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Evolution of circular, nonequatorial orbits of Kerr black holes due to gravitational-wave emission.
II. Inspiral trajectories and gravitational waveforms

Scott A. Hughes
Institute for Theoretical Physics, University of California, Santa Barbara, California 93103

and Theoretical Astrophysics, California Institute of Technology, Pasadena, California 91125
~Received 13 April 2001; published 24 August 2001!

The inspiral of a ‘‘small’’ (m;12100M () compact body into a ‘‘large’’ (M;10527 M () black hole is a
key source of gravitational radiation for the space-based gravitational-wave observatory LISA. The waves from
such inspirals will probe the extreme strong-field nature of the Kerr metric. In this paper, I investigate the
properties of a restricted family of such inspirals~the inspiral of circular, inclined orbits! with an eye toward
understanding observable properties of the gravitational waves that they generate. Using results previously
presented to calculate the effects of radiation reaction, I assemble the inspiral trajectories~assuming that
radiation reacts adiabatically, so that over short time scales the trajectory is approximately geodesic! and
calculate the wave generated as the compact body spirals in. I do this analysis for several black hole spins,
sampling a range that should be indicative of what spins we will encounter in nature. The spin has a very strong
impact on the waveform. In particular, when the hole rotates very rapidly, tidal coupling between the inspiral-
ing body and the event horizon has a very strong influence on the inspiral time scale, which in turn has a big
impact on the gravitational wave phasing. The gravitational waves themselves are very usefully described as
‘‘multi-voice chirps’’: the wave is a sum of ‘‘voices,’’ each corresponding to a different harmonic of the
fundamental orbital frequencies. Each voice has a rather simple phase evolution. Searching for extreme mass
ratio inspirals voice-by-voice may be more effective than searching for the summed waveform all at once.

DOI: 10.1103/PhysRevD.64.064004 PACS number~s!: 04.30.Db, 04.25.Nx, 95.30.Sf
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I. INTRODUCTION

One of the goals of the space-based gravitational-w
detector, the Laser Interferometer Space Antenna~LISA! @1#
is to make measurements that will probe gravity in the v
strong field. The most stringent probes will involve bina
black hole systems. Mergers of comparable mass black h
will be detectable throughout most of the universe@2#; their
measurements will probe the violent dynamics of two bla
holes combining to form a single hole. LISA will measu
hundreds to thousands of wave cycles in such events, p
ing their waveforms with moderate precision. When the m
ratio of the system is extreme (M1 /M2.102321027), mea-
surement of the waves probes the quiescent structure o
Kerr black hole spacetime. LISA should measure tens
thousands to millions of cycles from such inspirals~depend-
ing mostly on mass ratio!, and thus may be able to measu
their waves—and probe black hole spacetimes—with
tremely high precision. Extreme mass ratio inspirals will
the focus of this analysis.

The case for studying extreme mass ratio inspirals
been argued at length elsewhere; I refer the reader to
Introductions of Refs.@2# and @3# for detailed discussion
Briefly, detailed studies@4,5# have shown that compact ste
lar remnants in the central cusp of galaxies are scattered
very tight, eccentric orbits of the galaxies’ black hole a
rate of at least several events per year out to a gigapa
~perhaps as high as an event per month!. The final year or so
of inspiral ~depending on the large black hole’s mass a
spin, and on the binary’s mass ratio! will occur as the small
body spirals through the most extreme strong-field region
the black hole spacetime, from several horizon radii down
0556-2821/2001/64~6!/064004~15!/$20.00 64 0640
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orbits just outside the hole’s event horizon.
By tracking the phase evolution of the waves over t

many cycles radiated in this year, it should be possible
measure strong-field characteristics of the black hole sp
time. Ryan@8# has shown that these waves can be used
reconstruct the multipolar structure of the black hole. By t
‘‘no hair’’ theorem, a Kerr black hole’s multipole moment
are uniquely determined by its massM and spina. Measur-
ing more than two moments tests whether the massive ob
at the core of a galaxy is a black hole, or whether it is so
more exotic compact object, such as a soliton star.

Analyzing how well one can measure the multipoles o
massive compact object in this manner means compu
gravitational waves from the inspiral of realistic small bodi
on inclined, eccentric trajectories about bodies with arbitr
multipole moments. We are rather far from being able
analyze such a system. For now, I require that the mas
body be a black hole—this greatly simplifies the descript
of its orbits. I also take the inspiraling body to be pointlik
and nonspinning, sidestepping issues of spin-spin and s
orbit coupling which complicate the inspiral and may in fa
lead to chaos@9,10#. Finally, because rigorous strong-fie
radiation reaction is currently being developed@11#, I use a
‘‘poor man’s radiation reaction’’ approach, balancing the fl
of energy and angular momentum in gravitational wav
with the change in orbital energy and angular momentu
This formalism works well if the inspiral is adiabatic: th
change in orbital parameters due to wave emission mus
slow. ~A more precise definition of adiabatic and ‘‘slow’’ i
given in Sec. II B.! At present, the flux-balance approac
cannot be used to find the change in the third constan
Kerr orbits~the Carter constantQ), so I require that the orbit
be initially ‘‘circular’’ ~of constant Boyer-Lindquist radius!.
©2001 The American Physical Society04-1
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SCOTT A. HUGHES PHYSICAL REVIEW D 64 064004
These orbits do not become eccentric under adiabatic ra
tion reaction@12–14#, constraining the system enough th
Q’s evolution can be inferred from the changes in the orb
energy and angular momentum alone.

Given the large number of restrictions imposed, it is cle
this analysis is rather far from the ultimate goal of laying t
foundations for compact body multipole measurement w
LISA. However, it is sufficient to begin developing gravit
tional waveforms and probing the inspiral trajectories
non-trivial orbits. These orbits are colored rather strongly
the orbital frequencies and their harmonics, and, despite
numerous restrictions, have a fairly ornate structure. T
analysis is a useful way to produce gravitational wavefor
that have a character similar to what we are likely to obse
with LISA. They are restricted enough that they can be c
culated with tools available now, but have enough struct
that they can be used for developing data analysis tools
understanding how measurement of extreme mass ratio
spirals with LISA will work in practice.

In the remainder of the Introduction, I summarize t
structure and results of the paper. I first review the proper
of circular, inclined orbits of Kerr black holes and the rad
tion reaction formalism used here. This material is presen
in far greater detail in Refs.@6# and @16#. This paper just
presents equations and points the reader to the relevan
erature for a detailed derivation. In the end, radiation re
tion data are presented as vectors (ṙ , i̇) living at orbital co-
ordinates (r ,i). These vectors describe how radiation driv
the body to spiral through a sequence of orbits into the h
The wave itself is developed from a set of complex amp
tudes Zlmk

H which constitute a multipole expansion of th
gravitational-wave strain measured by distant observers.
fully sets up this analysis.

Inspiral trajectories are constructed by beginning at so
coordinate (r 0 ,i0) and stepping inward along the data (ṙ , i̇)
until the body hits the last dynamically stable orbit a
plunges into the hole. The data are actually computed o
grid that covers the parameter space of allowed orbits dee
the strong field, and are interpolated to get radiative effe
off the grid. Section III A first describes how the data grid
set up, as well as which data are stored on it. Section I
then briefly describes how the integration is done.

Results are given in Secs. IV and V. First I discuss
inspiral trajectories in Sec. IV; they and their various featu
are displayed for several choices of black hole spin in F
2, 3, 5, 6, and 7. During inspiral lasting 1–2 years, the
spiraling body executes several hundred thousand orbit
the extreme strong field of the massive black hole. This is
a surprise, and has of course been known for quite so
time. More interestingly, the inclination angle barely chang
during inspiral, particularly when spina&0.8M . This gives
further credence to a suggestion by Cutler@31# that it would
be worthwhile to explore ‘‘faking’’ the inspiral of generi
Kerr orbits by holding the inclination angle fixed—th
would fix the change in the Carter constant provided
changes inE andLz were known.

The influence of the black hole’s event horizon on t
inspiral is very strong. A very useful way to understand t
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effect is that the inspiraling body tidally distorts the bla
hole, causing the horizon to bulge. This bulge then exer
torque back on the body. This viewpoint is explained a
very pedagogically accessible level in Chap. VII of Ref.@17#,
which in turn is based on the work of Hawking and Har
@18# and Hartle @19#. If the hole is rapidly rotating, this
torque tends to significantly slow the inspiral, transferri
some of the hole’s rotational kinetic energy to the orbi
motion. Inspiral can be prolonged for several weeks (;5%
of the total inspiral time! by this effect, adding tens of thou
sands of additional orbits. By contrast, if the hole is rotati
slowly, the torque exerted by the horizon bulge speeds up
inspiral. This fascinating coupling of the horizon to the i
spiraling body’s dynamics is an example of how strong-fie
features of the Kerr spacetime can be seen in gravitatio
waves.

Section V discusses the waves produced as the body
rals inward. It should be strongly emphasized that comput
waveforms is more difficult than computing inspiral traje
tories. The waveforms require both the magnitude and ph
of the complex amplitudesZlmk

H to high precision; the trajec
tories require just the magnitude. As such, the results sh
in Sec. V should be taken as an important first step in g
erating extreme mass ratio inspiral waves, but can—
should—be improved dramatically.

Multiple harmonics of the orbital frequenciesVf andVu
are very important; cf. Fig. 8. Following a suggestion of Fi
@32#, I write the waveform as a sum over many ‘‘voices
h(t)5(hlmk(t). Each voicehlmk(t) corresponds to a par
ticular harmonic of the orbital frequencies, and has its o
amplitude and phase evolution. Writing the waveform in th
manner emphasizes that the phase evolution ofeach voiceis
rather simple, though the sum may be complicated and
ficult to follow. It is likely this multi-voice structure will
carry over to the generic case, adding an additional index
harmonics of the radial frequencyV r . The analysis of LISA
data may be facilitated by searching for extreme mass r
inspirals voice-by-voice, rather than searching for the ‘‘ch
rus’’ of all voices at the same time. Concluding discussio
including suggestions for future work and extensions to t
analysis, is given in Sec. VI.

Throughout this paper, an overdot denotesd/dt, and a
prime denotes]/]r . An overbar indicates complex conjuga
tion. The quantitiest, r, u, and f refer to the Boyer-
Lindquist coordinates. I use units withG515c throughout.

II. REVIEW: CIRCULAR ORBITS AND RADIATION
REACTION

A. Geodesic orbits

Orbits of Kerr black holes are specified by choosing th
energyE, axial angular momentumLz , and Carter constan
Q. The values used here have been divided by the sm
body’s massm (E andLz) or m2 ~Q! and are thus the specifi
energy, angular momentum and Carter constant. Having c
sen these constants~and initial conditions!, the orbit is then
governed by geodesic equations for the small body’s Boy
Lindquist coordinates (t, r, u, f) as a function of proper
time t measured along its worldline; see@20#.
4-2
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EVOLUTION OF CIRCULAR, . . . . II. . . . PHYSICAL REVIEW D 64 064004
To describe circular orbits, it is useful to introduce t
function R[S2(dr/dt)2:

R5@E~r 21a2!2aLz#
22D@r 21~Lz2aE!21Q#.

~2.1!

~The functionS5r 21a2cos2u, andD5r 222Mr 1a2.! Cir-
cular orbits satisfyR50 and R850; stable circular orbits
satisfy in additionR9<0. Given the radiusr and one of the
three constantsE, Lz , or Q, it is straightforward to solve the
system R50, R850 for the other two. In this paper,
chooser andE and then solve forLz andQ:

Lz~r ,E!5
EM~r 22a2!2DAr 2~E221!1rM

a~r 2M !
, ~2.2!

Q~r ,E!5
@~a21r 2!E2aLz~r ,E!#

D
2@r 21a2E2

22aELz~r ,E!1Lz~r ,E!2#. ~2.3!

~Note that in Ref.@16#, the a2E2 inside the second set o
square brackets is incorrectly writtena2E.!

At a given radius, two orbits bound the behavior of
stable circular orbits. The most-bound orbit is the progra
equatorial orbit (i50). Its constants are@21#

Emb5
122v21qv3

A123v212qv3
, ~2.4!

Lz
mb5rv

122qv31q2v4

A123v212qv3
, ~2.5!

Qmb50, ~2.6!

wherev[AM /r andq[a/M . Prograde equatorial orbits ex
ist at all radii outsider pro, where

r pro/M531Z21@~32Z1!~31Z112Z2!#1/2, ~2.7!

Z1511@12~a/M !2#1/3@~11a/M !1/3

1~12a/M !1/3#, ~2.8!

Z25@3~a/M !21Z1
2#1/2. ~2.9!

This is also the radius of the LSO wheni50°—no stable
circular orbits exist insider pro. If r ,r ret, where

r ret/M531Z21@~32Z1!~31Z112Z2!#1/2, ~2.10!

then the least-bound orbit is on the LSO, and the const
(Elb,Lz

lb ,Qlb) are found by numerically solving the system
equationsR50, R850, R950. If r .r ret, the least-bound
orbit is the retrograde equatorial orbit (i5180°), and its con-
stants are

Elb5
122v22qv3

A123v222qv3
, ~2.11!
06400
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Lz
lb52rv

112qv31q2v4

A123v222qv3
, ~2.12!

Qlb50. ~2.13!

Orbits with QÞ0 are inclined with respect to the equatori
plane; a useful definition of the inclination anglei is1

cosi5
Lz

ALz
21Q

. ~2.14!

Mapping out all stable circular orbits at some radius
fairly straightforward. First, calculate the constants that
scribe the most-bound orbit@Eqs. ~2.4!–~2.6!#. Second, cal-
culate the constants for the least-bound orbit@solving the
system R50, R850, R950 if r ,r ret; using Eqs.
~2.11!,~2.13! otherwise#. Finally, varyE from its most-bound
to its least-bound extreme.

Circular orbits are periodic, with two~generally incom-
mensurate! frequenciesVu and Vf , related to the small
body’s motion in theu and f coordinates. These two fre
quencies~and their harmonics! strongly stamp the gravita
tional waveform. Typically,Vf.Vu ; the differences are
due to the oblate geometry of a rotating black hole and fra
dragging~which can greatly augmentVf!. A detailed deri-
vation of these frequencies is given in Sec. II C of Ref.@6#.

B. Radiative corrections

The radiation reaction formalism used here is based
the Teukolsky equation@7#, which governs the evolution o
the complex Weyl curvature scalar related to radiative p
turbations,c4. This section briefly outlines how the radiativ
corrections are computed, particularly the quantities relev
to this analysis. Reference@6# discusses this material in
greater detail.

The ‘‘master equation’’ for the evolution ofc4 is sepa-
rated with the multipolar decomposition@7#

c45
1

~r 2 ia cosu!4E
2`

`

dv(
lm

Rlmv~r ! 22Slm
av~u!ei (mf2vt).

~2.15!

The t andf dependences are trivial. The function22Slm
av(u)

is a spin-weighted spheroidal harmonic. It is useful for d
scribing the u dependence of a radiation field with sp
weight22 in an oblate geometry. An effective algorithm fo
calculating this function is given in Appendix A of Ref.@6#.

Computing the radial functionRlmv takes some effort.
This function obeys the Teukolsky equation

1As discussed in Ref.@6#, this angle does not necessarily acco
with intuitive notions of inclination angle. For example, exce
whena50, i is not the angle at which most observers would s
the small body cross the equatorial plane.
4-3
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SCOTT A. HUGHES PHYSICAL REVIEW D 64 064004
D2
d

dr S 1

D

dRlmv

dr D2V~r !Rlmv52Tlmv~r !. ~2.16!

This equation is in self-adjoint form, and so can be solv
with Green’s functions@23#. The homogeneous Teukolsk
equation has two independent solutions,Rlmv

H (r ) ~which
obeys the boundary condition that radiation must be pu
ingoing at the event horizon! andRlmv

` (r ) ~which obeys the
condition that radiation must be purely outgoing at infinity!.
From these solutions and from the source functionTlmv(r ),
one can write down the general solutionRlmv(r ):

Rlmv~r !5Zlmv
H Rlmv

` ~r !1Zlmv
` Rlmv

H ~r !. ~2.17!

A detailed description of how one computesZlmv
H , Zlmv

` ,
Rlmv

H , andRlmv
` ~and how they relate to the source functio

Tlmv) is given in Ref.@6#. The most important details for thi
paper are as follows. First, for circular orbits, the source a
all quantities derived from it are describable as harmonic
Vu and Vf . Defining vmk5mVf1kVu , the functions
Zlmv

H andZlmv
` can be decomposed into harmonics:

Zlmv
H,`5(

k
Zlmk

H,`d~v2vmk!. ~2.18!

Second, asr→r 15M1AM22a2 ~the coordinate of the
event horizon!, Zlmv

H →0 andZlmv
` →const; asr→`, Zlmv

`

→0 andZlmv
H →const. The behavior of the radiation at infin

ity thus depends only onZlmk
H , and at the horizon only on

Zlmk
` . The gravitational waveform is

h12 ih35(
lmk

Zlmk
H

vmk
2 22Slm

avmk~q!ei (mw2vmkt), ~2.19!

and the fluxes are

S dE

dt D
rad

`,H

5(
lmk

a lmk
`,H

uZlmk
H,`u2

4pvmk
2

,

S dLz

dt D
rad

`,H

5(
lmk

a lmk
`,H

muZlmk
H,`u2

4pvmk
3

. ~2.20!

By assumption, the change in the orbital energy and ang
momentum is opposite in sign to that radiated:Ėorbit5

2Ėrad, L̇z
orbit52L̇z

rad. Note the somewhat confusing revers
of H and ` on theZlmk coefficients; this follows from the
definition in Eq. ~2.17!. The factora lmk

H is a rather messy
coefficient that follows from transforming the Kinnersle
null tetrad ~which is used to constructc4 @24#! to the
Hawking-Hartle null tetrad@18# ~which is well behaved on
the event horizon!; see Ref.@6# for further details.~The fac-
tor a`51; it is introduced so that these formulas can
written compactly.! As noted in@6#, there is a symmetry re
lation between quantities at (l ,m,k) and (l ,2m,2k):

Zl 2m2k
H,` 5~21! l 1kZ̄lmk

H,` . ~2.21!
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This relationship can be used to reduce computation tim
compute half the multipoles, use symmetry to get the ot
half. Alternatively, it can be used to improve computation
accuracy—compute all the multipoles, use symmetry to
duce error:

Zlmk
H,`5

1

2
@Zlmk; comp

H,` 1~21! l 1kZ̄l 2m2k; comp
H,` #. ~2.22!

This second approach was used here.
A large number of terms were included when evaluat

Eq. ~2.20!. A detailed discussion of the truncation criterio
used here is given in Sec. V A of Ref.@6#; in the language of
that paper,ek51024 and e l51023. The truncation error in
ĖH,` and L̇z

H,` is therefore roughly 1023. Obtaining this
level of accuracy required summing to at leastl 58 ~for in-
nermost orbits of thea50.998M black hole, the sums were
taken to l 519). For each value ofl, between 10 and 30
values of k were included. In all cases, the sum overm
ranged from2 l to l.

Using the Teukolsky equation to computeĖH,` and L̇z
H,`

requires that the inspiral be adiabatic: over orbital timesca
the trajectory must be nearly geodesic. This requirement
ters through the source term, which depends on the insp
ing body’s worldline. This is potentially the setup for
catch-22: we need the worldline in order to compute
body’s radiative corrections, but the corrections determ
that worldline. The solution is to take the worldline to b
geodesic for computing the source. We thus use the ze
order ~in m/M ) geodesic motion to compute the first ord
radiative corrections. This is a good approximation on
when the radiative change in any orbital quantityx over an
orbit is much less thanx: ẋTorb!x. Very useful quantities to
monitor are the orbital frequencies,Vf and Vu . Because
Tu52p/Vu , and definingTf52p/Vf , the adiabaticity
condition for these quantities can be written

Nf,u[
1

2p

Vf,u
2

V̇f,u

@1. ~2.23!

These parameters are closely related to the number of a
mulated orbits inf andu:

Nf,u5
1

2pE dt Vf,u5E d ln Vf,u Nf,u . ~2.24!

The conditionNf,u@1 tells us that the orbits accumulate
by the body as it passes through the orbital frequency b
centered onVf,u and of widthdVf,u5Vf,u must be very
large. More simply, the body must spend many orbits n
any point in its orbital phase space.

The Teukolsky equation can only tell us about the chan
in E andLz . To fully describe the small body’s spiral in, w
impose circularity: adiabatic radiation reaction changes
orbit’s radius and inclination angle, but it does not make
orbit eccentric@12–14#—circular orbits remain circular. Im-
posing this rule gives a relatively simple relationship b
tween (Q̇, ṙ ) and (Ė,L̇z); see Ref.@6#, Sec. III A for details.
4-4
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EVOLUTION OF CIRCULAR, . . . . II. . . . PHYSICAL REVIEW D 64 064004
Once Q̇ and L̇z are known, it is simple to get the rate o
change ofi using Eq.~2.14!; cf. Eqs.~3.7! and~3.8! of Ref.
@6#. The data (ṙ , i̇) are the foundation for all the inspira
trajectories discussed in the next section.

Letting x stand for any of the quantities (E,Lz ,Q,r ), the
total change inx is found by summing the change due
radiation flux out to infinity and due to radiation flux dow
the event horizon:

ẋ5ẋ`1hẋH. ~2.25!

The parameterh ~which clearly should equal 1! is introduced
so that we can ‘‘turn off’’ the flux down the horizon. As w
shall see later, settingh50 is a very interesting test of how
strongly the black hole’s event horizon influences inspira

III. COMPUTING INSPIRAL TRAJECTORIES
AND WAVEFORMS

Using the techniques described in Sec. II, it is straightf
ward to compute the inspiral trajectory of a body orbiting
black hole and the gravitational waveforms generated in
inspiral. This is done in two steps. First, a ‘‘grid’’ of radiatio
reaction data is built in the phase space of allowed orbit
the black hole’s strong field. The coordinates in this ph
space are (r ,i). The radiation reaction data are the vecto
along which gravitational-wave emission drives the orb
( ṙ , i̇), plus the amplitude and frequency of the gravitation
waveform,Zlmk

H andvmk . I describe how this grid is built in
Sec. III A. Next, the radiation reaction data are integrated
compute the inspiraling body’s trajectory. The data are in
polated from discrete orbital coordinates on the grid to a
trary points in the orbital phase space using a two dim
sional cubic spline@22#. I briefly describe how this is done in
Sec. III B.

A. Making a radiation reaction grid

Making a grid of radiation reaction data is for the mo
part straightforward. One discretizes the orbital phase sp
choosing indicesi andj such that radiation reaction data liv
at points (r i j ,i i j ). Then, one uses the techniques summari
in Sec. II to compute the data. I describe here the algori
used to discretize the orbital phase space, and also the a
form of the data~which are somewhat massaged so that th
can be interpolated with as little error as possible!.

After some experimentation, I have found it convenient
make the grid evenly spaced in radius, and evenly spaceat
each radiusin the orbital energy. The discretized radius
thus

r i j [r j5r min1~ j 21!dr . ~3.1!

The parameterr min is chosen to be as close as is conveni
to r pro @cf. Eq. ~2.7!#. This creates a small gap in data cove
age near the LSO at small values ofi. I have useddr
50.1M in all computations; as will be discussed short
more intelligent choices can be made. The indexj can in
principle be made arbitrarily large. For the results discus
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in Secs. IV and V, I setj max;20–30. For a 106 M ( black
hole and an inspiraling body withm51 M ( , this leads to an
inspiral lasting about 630 days—typical observation time
a LISA mission.

The discretized energy is

Ei j 5Emb1~ i 21!dEj , ~3.2!

wheredEj5@Elb(r j )2Emb(r j )#/( i max21). I have usedi max
59. The parameter space coordinates (r j ,Ei j ) fully deter-
mine the orbit at grid point (i , j ). Using the relations given in
Sec. II, we can remap this coordinate to any convenient
rametrization. I will typically write the grid points as
(r j ,i i j ), with the understanding that this is a remapping fro
the coordinates (r j ,Ei j ) that are directly generated.

A better choice fordr can be made by studying howZlmk
H

is computed from solutions of the Teukolsky equation. Fro
Eq. ~4.8! of Ref. @6#, we see that

Zlmv
H }E

r 1

r

dr8 Rlmv
H ~r 8!Tlmv~r 8!/D~r 8!2. ~3.3!

Here,Rlmv
H is the solution to the source-free Teukolsky equ

tion that is purely ingoing at the event horizon,Tlmv(r ) is the
Teukolsky source term, andD(r )5r 222Mr 1a2. The coef-
ficient Zlmk

H is then built from a harmonic decomposition o
Zlmv

H . BothTlmv andD vary relatively slowly with respect to
r. The functionRlmv

H , on the other hand, oscillates with

phase factor that is roughlye2 ipr* , where

r * ~r !5r 1
2Mr 1

r 12r 2
ln

r 2r 1

2M
2

2Mr 2

r 12r 2
ln

r 2r 2

2M
, ~3.4!

and wherep5v2mVH , the mode frequency modified b
the hole’s spin frequencyVH5a/2Mr 1 @cf. Eq.~4.4! of Ref.
@6##. The functionr * (r ) is the Kerr ‘‘tortoise coordinate,’’
which often appears in studies of radiation propagation n
black holes. Notice thatdr* /dr gets quite large near th
black hole. This tells us thate2 ipr* begins oscillating very
rapidly as the horizon is approached. The phase ofZlmk

H is
likely to change by;p radians over a length scaledr *
;1/pmk . This suggests laying out the grid evenly spaced
r * , or using a denser grid inr, with spacing

dr .SUdr*

dr U D
21 1

upLKu
. ~3.5!

HereL is the maximuml index included in the calculation
andK is the maximumk index. This would create a grid tha
is far more densely sampled than that discussed here, e
cially for rapidly spinning holes. The rather crude choi
dr 50.1M places strict limits on waveform accuracy; this
an obvious starting point for improvements to this analys

Some care must be taken to put data on the grid that
useful for generating the inspiral trajectory. For the radiat
reaction quantities, I have found it useful to stored cosi/dt
and

@cosi2cosiLSO~r !# ṙ[ṙ, ~3.6!
4-5
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SCOTT A. HUGHES PHYSICAL REVIEW D 64 064004
rather than (ṙ , i̇). The quantityd cosi/dt is useful simply
because it is more naturally related to the rates of changL̇z

andQ̇. The quantityṙ on the other hand accounts for the fa
that ṙ diverges as the LSO is approached—the prefac
cosi2cosi LSO(r ) nicely clears out this divergence. Th
makes it possible forṙ to be very accurately interpolate
from i50° to iLSO(r ). For the gravitational waveform, th
frequenciesVf andVu are stored, as are the magnitudeAlmk
and phaseF lmk of the complex amplitude,

Zlmk
H 5Almk exp~ iF lmk!. ~3.7!

For equatorial orbits,Zlmk
H 50 when kÞ0. The numerical

code which computesF lmk from Zlmk
H erroneously assign

F lmk50 in this case. This is because the code cannot ev
ate F lmk5arctan@Im(Zlmk

H )/Re(Zlmk
H )# in the limit Zlmk

H →0.
To get around this problem,F l ,m,kÞ0 is only stored for non-
equatorial orbits. Near the equator,F l ,m,kÞ0 can then be
computed quite well using extrapolation.

An example grid, for a hole witha50.998M , is shown in
Fig. 1. The arrows in this plot represent the vector (ṙ , i̇).
Notice that the evolution gets more rapid as the LSO~repre-

FIG. 1. Circular orbit radiation reaction data near the last sta
orbits ~LSO! of a Kerr black hole witha50.998M . Any point (r ,i)
in this plot is a circular geodesic orbit. The arrows are proportio

to the vector@(M /m) ṙ ,(M2/m) i̇ #: the orientation gives the direc
tion in which gravitational-wave emission drives the orbit, and
magnitude is proportional to the rate at which it is so driven. T
dotted line is the LSO—orbits above and to the left of this line
dynamically unstable and rapidly plunge into the black hole. T
arrows get longer as this line is approached and their stability
creases.~Additional data were produced representing radiation
action for orbits on the LSO; these orbits are so unstable that t
radiation reaction vectors do not fit on this plot. These data are u
in all computations, however.!
06400
r

u-

sented by the dotted line! is approached—the arrows ge
longer, until finally the orbit becomes dynamically unstab
and plunges into the hole.~The diverging vectors on the LSO
have been suppressed in the figure, as they tend to o
whelm the rest of the data.! This grid prototypes all the ra
diation reaction data used in this paper—although differ
in detail depending on the black hole spin, they have
general shape and layout shown in Fig. 1.

B. Integrating a trajectory across the grid

Radiation reaction data on the grid are used to build
spiral trajectories—the paths@r (t),i(t)# that bodies follow
as they spiral into the black hole. This is done with Eule
method: given a starting point@r 0 ,i0# and a time stepdt,
advance to@r 01 ṙ dt,i01 i̇ dt#. It would be straightforward
to use a more sophisticated stepping algorithm, such a
Runge-Kutta method, to improve the accuracy of the insp
trajectory. For the purpose of a first exploration of extrem
mass ratio inspiral properties, Euler’s method is a good co
promise between accuracy on the one hand, and code c
plexity and computational cost on the other. As the traject
is built, other useful data are also calculated, particularly
accumulated number of orbits and the gravitational wa
form.

The Euler method integration requires derivatives at a
trary points in the orbital parameter space, which in tu
requires smooth methods for interpolating off of the g
points. Linear interpolations turn out not to be adequate: d
continuities in the data’s second derivative as grid bou
aries are crossed noticeably affects the phasing of the c
puted gravitational waveform.2 Two dimensional cubic
spline interpolation@22# seems to produce an inspiral traje
tory that is adequately smooth; it is used for all interpolatio
in this analysis.

The spline interpolation is done in the index coordinat
( i , j ). Suppose we wish to interpolate data for some fieldx
onto (r ,i). First, we interpolate inj @which maps simply onto
r; cf. Eq. ~3.1!# for each value ofi, yielding a one-index se
of data at the radiusr:

Spline in r : x i j °x i~r !. ~3.8!

Since all of the relevant data now live at a single radius,
index i maps onto cosi. Interpolate in cosi to get the final
data:

Spline in cosi: x i~r !°x~r ,i !. ~3.9!

This procedure behaves very well with the radiation react
data and waveform data discussed in Sec. III A.

The procedure for generating the inspiral trajectory a
gravitational waveform now reduces to a simple recipe:

~1! Pick a starting coordinate, (r 0 ,i0 ;t50).

2The discontinuities are amazingly clear when one transform
gravitational waveform so produced into audio data.
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~2! Interpolate the datad cosi/dt, @cosi2cosi LSO# ṙ[ṙ,
Vf , Vu , Almk , andF lmk onto this coordinate. Note that fo
the waveform amplitude and phase, this requires interp
tions for every value ofl, m, andk, which becomes compu
tationally intensive. As discussed in Sec. III A,F lmk is not
stored on the equator whenkÞ0. One gets data forF l ,m,kÞ0
between the equator and the next grid point by extrapolat
This works very well because, at constant radius,F lmk is
nearly flat as a function of cosi.

~3! Generate the gravitational waveform at that mom
on the trajectory:

vmk5mVf1kVu ,

h~ t ![h1~ t !2 ih3~ t !

5(
l 52

l max

(
m52 l

l

(
k52kmax

k5kmax Almk

vmk
2 22Slm

avmk~q!

3eiF lmkeimwe22p i (mNf1kNu). ~3.10!

Here,q is the angle between the observer’s line of sight a
the hole’s spin axis, andw is the orbit’sf coordinate att
50. Formally,l max5kmax5`. In practice, these numbers a
truncated at something much smaller. The last term inh(t) is
a harmonic of the accumulated orbital phases; the facto
the exponential is equivalent to2 i *dt(mVf1kVu). It
would reduce to22p i (mVf1kVu)t if the orbital frequen-
cies did not themselves evolve.

~4! Compute the number of orbits accumulated so far:

Nf~ t1dt !5Nf~ t !1Vf dt/2p,

Nu~ t1dt !5Nu~ t !1Vu dt/2p. ~3.11!

Since the frequencies off and u motion are generally in-
commensurate, these two numbers can be quite differen

~5! Take an Euler step to a new coordinate:

tnew5told1dt,

r new5r old1
1

cosi2cosiLSO
ṙ dt,

cosinew5cosiold1
d cosi

dt
dt. ~3.12!

~6! Go to step~2! and repeat. Continue until the inspira
ing body crosses the LSO.

Results from applying this analysis to a large number
inspirals of black holes of various spins are discussed ne

IV. RESULTS: INSPIRAL TRAJECTORIES

Before generating inspiral trajectories and gravitatio
waveforms, we must choose a sample of black hole spin
the trajectories are unique for each spin choice of the m
sive black hole.~The effect of varying other parameters, pa
ticularly the mass and mass ratio, can be obtained
scaling.! We would like a range ofa that covers at leas
06400
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qualitatively the range likely in astrophysical extreme ma
ratio inspirals.

This analysis was done for four representative black h
spins:a50.998M , a50.3594M , a50.8M , anda50.05M .
The first two were selected because they are rigorously
culable. The valuea50.998M is the ‘‘astrophysically maxi-
mal’’ spin one finds when the black hole evolves due to th
disk accretion: preferential capture of counter-rotating p
tons versus co-rotating photons buffers the spin at 0.998M ,
preventing the hole from reaching the Kerr maximal val
a5M @25#. The second choice is obtained by locking t
rotation frequency of the horizon,VH5a/2Mr 1 , to the or-
bital frequency of the innermost equatorial orbit atr pro,
Vf5M /@r pro

3/21aM1/2#. Equating these two frequencies an
using Eq.~2.7! yields a50.3594M . This spin might be ob-
tained if at some point in the black hole’s history stro
magnetic fields threaded the event horizon and the in
edges of an accretion disk, torquing the hole such tha
became locked to the disk’s rotation@26#. The third choice,
a50.8M , is primarily chosen because it breaks up the la
gap between 0.998M and 0.3594M . It is worth noting that
this spin is in the range predicted by detailed models of bl
hole evolution in the presence of magnetohydrodynam
torque, such as are described in some models of quasa
gines@27#. Finally, a50.05M is chosen to give an exampl
of inspiral into a slowly spinning black hole. In all cases, t
numbers presented are for am51 M ( body spiraling into an
M5106 M ( black hole.

Results are summarized in Figs. 2, 3, 5, 6, and 7. Bef
discussing each case, it is worth noting some general tre
in the data. The span of data in all cases has been chose
that the total inspiral lasts about 630–650 days for the s
lowest inclination angles. Inspiral typically halts when th
small body crosses the LSO; at the very shallowest incli
tion angles, it halts when the span of radiation reaction d
ends~very close to the LSO!.

The radius of the LSO as a function of inclination ang
r LSO(i), depends quite strongly on the black hole spin
consider that fora50, r LSO(i)56M independent ofi,
whereas fora5M , r LSO(0°)5M , r LSO(180°)59M . Be-
cause of this, the starting radius of the inspiral is moved
to larger values asa is decreased. Also, the total number
starting inclination angles is less for largea: whena is close
to M, trajectories that begin at high values ofi hit the LSO
more quickly. Thus, in the data discussed below, inspiral i
small a black holes occurs at larger coordinate radius th
for largea, and more starting inclination angles are includ
in those data sets.

In all cases, I show the accumulated inspiral time,
number of orbits about the spin axis (Nf) and the accumu-
lated number of oscillations inu (Nu). These numbers are
easily scaled to different masses and mass ratios: the tra
tory shapes are independent of the masses~provided the ra-
dial axis isr /M ), and

Tinspiral}
M2

m
, Nf,u}

M

m
. ~4.1!
4-7



ol

n-
s
,

s
t
r
h

n

ce
ia
t-

i-

id
m
in

s

te
by

on
e

that
apid
adi-
ani-
ent
e’s
e’s
ve
ori-

im-
y
s
the
is

ck
1
su

n-
at
ily
ly

ck
.
e
s
e

ling
dis-
the
l: a
pid

all

SCOTT A. HUGHES PHYSICAL REVIEW D 64 064004
The trajectories shown here thus apply for any black h
mass and any extreme mass ratio.

A. Trajectories for aÄ0.998M

Trajectories for inspiral into a hole with spina
50.998M are summarized in Fig. 2. This figure shows i
spiral from r 54M into the LSO for several starting value
of the inclination anglei. The accumulated inspiral time
orbits about the spin axis, and number of oscillations inu
label each trajectory.

Notice that the trajectories are nearly flat—i barely
changes, decreasing somewhat as the small body pa
through the very strong field. This decrease is contrary
weak-field expectations@6,12#, and arises because the cha
acteristics of Kerr geodesics become locked to the event
rizon in the very strong field; see Ref.@16# for detailed dis-
cussion. The fact that the change ini is so small is very
interesting. The change turns out to be even smaller whea
is not so large.

Figure 2 illustrates the true strong-field inspiral sequen
predicted by general relativity, including the effects of rad
tion out to infinity and down the event horizon. An interes
ing experiment is to ‘‘turn off’’ the radiation down the hor
zon, setting the parameterh in Eq. ~2.25! to 0. The inspiral
trajectories found in this exercise are plotted in Fig. 3. As
from turning off the horizon flux, these trajectories are co
puted with conditions identical to the trajectories plotted

FIG. 2. Inspiral trajectories in the strong field of a Kerr bla
hole with a50.998M . To make this plot, the data shown in Fig.
were integrated using the procedures discussed in Sec. III B, as
ing that the black hole has massM5106 M ( and that the inspiral-
ing body has massm51 M ( . The trajectory shapes are indepe
dent of the two masses, so the inspiral times and accumul
number of cyclesNf,u can be rescaled to other masses quite eas
Tinspiral}M2/m, Nf,u}M /m. Notice that the trajectories are near
flat—i decreases, but not very much, over these inspirals.
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Fig. 2. Notice that, particularly for shallow inclination angle
(i&50°), the small body inspiralsmore quicklywhen the
flux down the horizon is not included. The effect is qui
significant: inspiral of the shallowest orbits is shortened
several weeks, orbiting;104 fewer times when the horizon
flux is ignored.

That the horizon flux tends to prolong the inspiral is,
first consideration, extremely surprising. Intuitively, on
would guess that each flux would be an energy sink, so
each reduces the orbit’s energy. Because of the hole’s r
rotation, this is not the case: the phenomenon of superr
ance plays a major role. Superradiance is essentially a m
festation of the Penrose process—a radiation pulse incid
on the black hole is backscattered with a gain in the puls
energy@24#. The energy gain is at the expense of the hol
rotation—rotational kinetic energy is converted to radiati
energy. Thus, when the hole spins rapidly enough, the h
zon is asourceof energy, not a sink.

A rather more physical picture of this phenomenon~which
explains why the energy is transferred to the orbit, not s
ply radiated to infinity! can be put together based on work b
Hartle @19#. The portion of the Weyl tensor which describe
radiation down the event horizon can be understood as
tidal field of the orbiting body acting on the black hole. Th

m-

ed
:

FIG. 3. Inspiral trajectories in the strong field of a Kerr bla
hole with a50.998M , ignoring the flux down the horizon—cf. Eq
~2.25!, with h50. The figure is otherwise identical to Fig. 2. Th
trajectory shapes change very slightly (i does not decrease quite a
much over the inspiral!, though that effect is very small. Much mor
interestingly, the inspiral is markedlyfaster: especially at shallow
inclination angle, the small body takes several weeks less spira
to the LSO, and executes many thousands fewer orbits. As
cussed in Sec. IV A, this illustrates how tidal coupling between
small body and the event horizon strongly impacts the inspira
tidal bulge is raised on the hole, which, due to the hole’s ra
rotation in this case, transfers rotational kinetic energy to the sm
body’s orbit.
4-8
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EVOLUTION OF CIRCULAR, . . . . II. . . . PHYSICAL REVIEW D 64 064004
field distorts the horizon, raising a tidal bulge on the ho
The distortion can be quantified by computing the curvat
of the horizon. Using formulas from Ref.@19#, it is easy to
show that the distortion is given by a sum over the coe
cientsZlmk

` that in this analysis describe the radiation flux
the horizon.

The black hole’s tidal bulge is equivalent to the bulge th
the Moon raises on the Earth. When the rotation frequenc
the hole is greater than thef frequency,VH.Vf , the hole’s
spin drags the bulgeaheadof the orbiting body, in exactly
the manner in which a tidal bulge on a viscous, fluid body
dragged by the body’s rotation.~One can in fact interpret the
horizon’s behavior in terms of a viscous membrane@17#.! In
a reference frame that co-rotates with the small body’s or
the bulge appears to lead the small body by some angle.
bulge thus exerts a torque that acts to increase the bo
orbital velocity, transferring the hole’s rotational energy in
the orbit and slowing the inspiral. A very accessible disc
sion of this point~which directly relates the ‘‘tidal bulge’’
effect to a torque! is given in Chap. VII of Ref.@17#; the
fundamental underpinnings of this analysis are develope
Refs.@18,19#.

As discussed in Sec. II B, it is important to monitor th
adiabaticity parametersNf andNu during the inspiral. The
values ofNf andNu for the inspiral beginning ati520° are
plotted in Fig. 4;Nf is plotted as the solid line,Nu is the
dotted line. We see the adiabaticity conditionNf,u@1 is
strongly satisfied everywhere except right before the end

FIG. 4. The evolution of the adiabaticity parametersNf,u

5Vf,u
2 /2pV̇f,u for the inspiral track beginning ati520° shown in

Fig. 2. The solid line isNf , the dotted lineNu . Except at the
extreme end,Nf,u@1, indicating that the inspiral is indeed adia
batic, as required. Note thatNf,u}M /m, indicating that the adia-
batic requirements are unlikely to be met ifM /m,1000. The di-

vergence inNu is due toV̇u passing through zero and changin
sign during the inspiral—it ceases chirping up, and begins chirp
down.
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inspiral. ~This is because the inspiral rate sweeps up as
spiral proceeds, and can be regarded as a precursor to
final plunge.! The adiabaticity parameters scale withM /m.
This is a warning that the results of this code cannot be ta
seriously if the mass ratio is not extreme enough: wh
M /m&1000, the final stages of inspiral will not be adiabat
An interesting feature in this plot is the divergence inNu

near t5470 days. This divergence occurs becauseV̇u

switches sign there: the frequency stops increasing and
gins decreasing. This will be discussed at greater length
Sec. V.

The adiabaticity parameters appear qualitatively as in F
4 in all cases studied here~with the modification that the
divergence inNu only occurs fora50.998M ), so no other
examples ofNf,u will be shown.

B. Trajectories for aÄ0.3594M

Trajectories for inspiral into a black hole with spina
50.3594M are summarized in Fig. 5. These trajectories
set up in a similar manner as those fora50.998M ; notable
differences are that they begin atr 56.6M , and more starting
values ofi are included. The trajectories are even more
in this case than they are whena50.998M . The inclination

g

FIG. 5. Inspiral trajectories in the strong field of a Kerr bla
hole with a50.3594M . The top panel includes the effects of th
down-horizon flux; the bottom panel does not. The span of dat
chosen so that the total inspiral duration is similar to that shown
Fig. 2. For this spin, inspiral is nearly identical with the horizon flu
included or disincluded: inspiral is slightly faster without horizo
flux, but not nearly so much faster as whena50.998M . This is
largely because the spin is not fast enough to drag the tidal bulg
the horizon so far forward. In fact, at the innermost orbits the bu
should be essentially in perfect face-on lock with the orbiting bo
sincea50.3594M is the spin value at which the horizon spin fre
quency matches the innermost orbital frequency.
4-9
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SCOTT A. HUGHES PHYSICAL REVIEW D 64 064004
angle actually increases slightly in all cases~as weak-field
analyses predict!, but the amount of increase is too small
be noticeable on the figure.

Turning off the horizon flux does not have a very mark
effect on inspiral for this spin, as can be seen by compa
the upper panel~horizon flux included! and lower panel~ho-
rizon flux ignored! of Fig. 5. This is essentially by construc
tion: the spina50.3594M is the value for which the horizon
spin frequency matches the innermost orbital frequency.
lead angle between the tidal bulge and the orbiting bo
ranges from very small to nonexistent—as the body spi
through the innermost orbits, the bulge is nearly perfec
lined up with the body, exerting almost no torque on it. T
small difference between the trajectories in the two pane
not surprising.

C. Trajectories for aÄ0.8M

Inspiral trajectories for a black hole witha50.8M are
shown in Fig. 6. Not surprisingly, the properties of the
trajectories are intermediate to those shown for the casa
50.998M anda50.3594M . As in the casea50.3594M , the
change in inclination angle is extremely small, increas
slightly.

Inspiral is faster when the horizon flux is not include
This, again, is not a surprise: we expect that whena
50.8M the bulge raised on the event horizon leads the
biting body, so that tidal coupling transfers energy from t

FIG. 6. Inspiral trajectories in the strong field of a Kerr bla
hole with a50.8M . The top panel includes the effects of dow
horizon flux; the bottom panel does not. The span of data is cho
so that the total inspiral duration is similar to that shown in Fig.
As whena50.998M , inspiral is quicker when the horizon flux i
ignored. However, the magnitude of the effect is much smaller.
torque on the orbit that the horizon’s tidal bulge exerts is not
great because the hole rotates less quickly. Also, orbits do not c
as close to the horizon fora50.8M as they do fora50.998M .
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hole’s spin to the orbit. Although qualitatively the effect
the same as for the casea50.998M , quantitatively the effect
is much smaller. The fractional change in the inspiral time
no more than about 1% whena50.8M , as opposed to 4.2%
when a50.998M . Part of this is simply because the sp
frequency of the hole is smaller whena50.8M—the tidal
bulge does not lead the orbiting body quite as much. Also
body’s orbits never come as close to the event horizon
they do whena50.998M—they reach the dynamical insta
bility before they get so close. As a consequence, the t
coupling is never as strong, and the integrated effect on
trajectory is relatively small.

D. Trajectories for aÄ0.05M

Figure 7 shows trajectories for inspiral into a hole wi
a50.05M . The dependence of the inspiral properties on
clination angle is weak compared to the other cases ex
ined, though definitely present. The change in the inclinat
angle is practically unnoticeable; the largest change~for in-
spiral near 90°) isdi.0.007°.

In this case, inspiral is quicker when the horizon flux
included. The horizon functions as a sink of energy, in
cord with simple intuition: when the horizon flux is not in
cluded, the small body does not spiral in so quickly. Beca
the hole rotates so slowly, the tidal bulge raised on the h
zon lags the orbiting body, and the torque that it exerts on
orbit tends to increase its inspiral rate. The magnitude of

en
.

e
s
e

FIG. 7. Inspiral trajectories in the strong field of a Kerr bla
hole with a50.05M . The top panel includes the effects of dow
horizon flux; the bottom panel does not. In this case, inspira
quicker when the horizon flux is included: the hole’s event horiz
acts as an energy sink, as simple intuition suggests it should. Th
because the tidal bulge raised on the hole by the orbiting body te
to lag, rather than lead, the orbit. Thus the bulge’s torque on
orbit opposes the orbital motion, causing it to spiral in mo
quickly.
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effect is quite small~fractional change in inspiral time i
about 0.1%).

V. RESULTS: GRAVITATIONAL WAVEFORMS

As the inspiral trajectory is generated, the gravitatio
waveform is constructed using Eq.~3.10!. An example wave-
form is shown in Fig. 8. This is the1 polarization generated
during the inspiral beginning ati540° into a hole witha
50.998M ; cf. Fig. 2. It is viewed in the hole’s equatoria
plane (u5p/2). The mass ratio used here is 1024; recall that
1026 was used to make Fig. 2. The increase was to spee
the inspiral so that the amount of data generated in the w
was kept manageable. The waveform contains contribut
from l 52,3,4, andk524 to 4.

Some of the interesting features of the waveform are
parent in Fig. 8. The modulation of the ‘‘carrier’’ signal b
orbital motion inu is plain, as is the evolution of the signa
frequencies. Some of these features are made even clear
transforming the gravitational waveform into audio data a
playing the gravitational-wave ‘‘sound.’’ I have place
sounds corresponding to such gravitational-wave signal
the URL listed as Ref.@28#; the reader is invited to play thes
sounds and judge for themselves how clear are the var
inspiral features.~In order for the sounds to lie within th
frequency band to which human ears are sensitive—an
keep the signal duration reasonable—the mass of the b
hole is scaled down toM;100M ( . Discussion of this and

FIG. 8. The1 polarization of the gravitational waveform fo
the inspiral trajectory that begins ati540° about thea50.998M
black hole, viewed in the hole’s equatorial plane. The upper pan
the waveform at very early times; the lower panel shows the wa
form shortly before the inspiraling body plunges into the hole. N
tice the very different time scales in the upper and lower pan
This is because of the ‘‘chirping’’ evolution of the frequenciesVf

andVu—at late times they are quite a bit larger than they are e
on. Many more orbits per unit time are executed late in the insp
than early.
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other technical points is given on the page listed in@28#.!
Extreme mass ratio gravitational waveforms are very u

fully described asmulti-voice chirps. Strong radiation is
emitted at multiple harmonics of the inspiral frequencie
each harmonic plays the role of a separate ‘‘voice’’ in t
‘‘chorus’’ that is the overall waveform. This structure is qui
apparent in the audio versions of the waveforms. It can
made clearer by rewriting the waveform Eq.~2.19! as fol-
lows:

h~ t;q,w!5(
l 52

l max

(
m52 l

l

(
k52kmax

kmax

Hlmk~ t;q!exp@ iC lmk~ t;w!#.

~5.1!

Comparing with Eq.~3.10!, we read off the values of the
wave amplitudeHlmk and phaseC lmk in terms of quantities
directly computable from the Teukolsky equation:

Hlmk~ t;q!5Almk22Slm
avmk~q!/vmk

2 . ~5.2!

C lmk~ t;w!5F lmk1mw2E
0

t

dt8~mVf1kVu!. ~5.3!

@Recall Eq. ~3.7!, defining Almk and F lmk .# The last line
emphasizes that a big portion of the phase accumulate
nothing more than the integrated orbital phases.

Presenting the waveform in this way gives a very go
sense of which harmonics contribute strongly to
gravitational-wave measurement. As will be discussed bel
the phase evolution for each voice is very simple, thou
their summed effect is typically rather complicated~cf. the
summed waveform shown in Fig. 8!. This suggests tha
searching for each individual voice may be more effect
than searching for the entire waveform. An effective way
implementing such a search might be developed using
‘‘fast chirp transform’’ ~FCT! of Jenet and Prince@29#. The
FCT is a generalization of the fast Fourier transform~FFT;
see, e.g., Ref.@22# and references therein!. The FFT provides
an efficient computational implementation of a Four
transform—a decomposition of data onto basis functio
e2p i f t . The FCT generalizes this to decompose data o
functions whose phases do not vary linearly with respec
time. The phase behavior of the basis functionseiFFCT(t)

must be specified by some model; indications are tha
works well for a wide variety of smoothly varying phas
behaviors. Although further investigation is needed to t
this idea, the voices of extreme mass ratio inspiral are g
candidates for detection with the FCT.

The results here are restricted toa50.998M and a
50.3594M . The results for these spins contain enough int
esting structure to draw some useful conclusions about
treme mass ratio gravitational waves.
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SCOTT A. HUGHES PHYSICAL REVIEW D 64 064004
A. Waveforms for aÄ0.998M

Discussion in this section will focus on waves genera
during an inspiral that starts ati520° ~cf. Fig. 2!. All data
shown corresponds to waves measured in the hole’s equ
rial plane.

Figure 9 shows the amplitudesHlmk and phasesC lmk for
l 52, m52, andkP@0,1,2,3,4#. Notice that the accumulate
phaseC22k for all values ofk is quite large—the number o
accumulated radians ranges from about 83104 to 1.13105.
The accumulated phase scales inversely with the mass r
so the accumulated phase in these harmonics would be;107

radians for a mass ratio of 1026 ~as was used in Figs. 2, 5, 6
7!. It is by tracking the phase over this large number
radians that it will be possible to determine the characte
tics of the black hole spacetime with very high accuracy.

The strongest waves are emitted in thek50 harmonic.
Indeed, thel 52, m52, k50 voice turns out to be the stron
gest of the various harmonics that contribute to the grav
tional waveform—not too surprising, since this is the lead
quadrupole component of the waves. Note, though, that
k51 harmonic becomes almost as strong as thek50 voice
late in the inspiral. This is a generic feature of the mu
voice chirps: late in the inspiral, when waves are emit
from deep in the black hole’s strong field, harmonics wh
were not initially very important can contribute strongly
the waves.

The amplitudes corresponding tok52, k53 and k54
‘‘crash’’ and behave rather oddly late in the inspiral. This is
resolution problem caused by the crude manner with whic

FIG. 9. The phaseC lmk and amplitudeHlmk for waveform har-
monics l 52, m52, andk from 0 to 4, and for spiral into a hole
with a50.998M . These amplitudes correspond to measuremen
the hole’s equatorial plane. Note that harmonics other thank50
become fairly strong at the end of inspiral. The odd behavior in
amplitude fork52 –4 is because of poor computational resolutio
the crude parameter space resolution used here was not
enough to accurately capture the change inZlmk

H at high frequencies
as the body spirals in.
06400
d

to-

tio,

f
-

-
g
e

-
d

I

have discretized the orbital parameter space—cons
Boyer-Lindquist radial steps withdr 50.1M . In this region,
pmk;(0.220.5)/M and udr* /dru;30–40. Following the
discussion near Eq.~3.5!, the choicedr 50.1M is not really
sufficient to follow the phase variation ofZlmk

H ; decreasing
the step by a factor of 2 to 5 would vastly improve th
analysis.

The behavior forl 52, m50 is plotted in Fig. 10. These
phases actuallydecreaseat late times. The strongest con
tributor to the phase evolution of these waves is the f
quencyVu , which begins decreasing at late stages of
inspiral. The evolution ofVu andVf are shown in the uppe
panel of Fig. 11. The decrease inVu occurs because th
small body orbits very close to the event horizon towards
end of inspiral. Itsu motion is highly redshifted as seen b
distant observers.~The f motion, by contrast, is not red
shifted; instead, it limits to the hole’s spin frequency as t
orbit becomes locked to the dragging of inertial frames.! No
reverse chirp occurs whena50.3594M—the inspiraling
body is never close enough to the horizon for there to b
significant redshift effect.

Measuring a reverse chirp would be in principle a wo
derful probe of the black hole’s strong field properties, sin
it can only occur for orbits that get very close to the eve
horizon. Unfortunately, the reversal in the phase evolut
coincides with a rather rapid decrease in amplitude for th

in

e
:
od

FIG. 10. The phaseC lmk and amplitudeHlmk seen in the equa-
torial plane, for waveform harmonicsl 52, m50, andk from 0 to
4, and for spiral into a hole witha50.998M . In this case, no fre-
quencies are high enough to cause severe resolution problem
was the case forl 52, m52. Note that the phase evolves from hig
to low late in the inspiral. This is because the phase is dominate
the behavior ofVu , which chirps backwards when the body ge
close to the event horizon; cf. Fig. 11. This is essentially a grav
tional redshifting effect. Although this is in principle an interestin
signature of the black hole’s strong field, the wave amplitude g
weak as the frequency gets small. This is not surprising, since
rate of change of the binary’s multipole moments decreases with
frequency.
4-12
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voices, as can be seen by comparing the upper and lo
panels of Fig. 10. This is because the relevant source m
pole moments vary more slowly as the frequency dro
Since this variation sets the wave amplitude, any voice w
a decreasing frequency will likewise have a decreasing
plitude @30#.

Although the waveform’s strongest radiation is emitted
voices corresponding tol 52, m52, the voices correspond
ing to l 5m, mÞ2 are also quite strong, particularly at la
times. For example, at the end of inspiral, thel 54, m54,
k50 voice is about one fifth as strong as thel 52, m52,
k50 voice.

B. Waveforms for aÄ0.3594M

I again focus on waves generated during inspiral beg
ning at i520° ~cf. Fig. 5!. The phase and amplitude evolu
tion are qualitatively similar to those shown in Fig. 9, so
will not show additional plots. I will focus on voices forl
52, m52, andkP@0,1,2,3,4#.

As whena50.998M , the voice corresponding tok50 is
strongest. Unlike that case, no other voices become v

FIG. 11. Evolution of the orbital frequenciesVf ~solid line! and
Vu ~dotted line! for inspiral beginning ati520°. The upper panel is
for inspiral into a black hole witha50.998M , the lower for inspiral
into a hole witha50.3594M . Thet axis in both panels correspond
to inspiral with M5106M ( and m51M (. In both cases, the be
havior of Vf is qualitatively ‘‘normal’’: it monotonically chirps
upward in a very familiar manner. In the casea50.998M , the be-
havior ofVu is comparatively unusual. This is because these or
are very near to the event horizon—their motion inu is slowed as
seen by distant observers. Whena50.3594M , no orbits come close
enough to the horizon for this slowing to have a significant effe
In fact, all orbits in the chosen observation band are at relativ
large radius fora50.3594M , which is why all frequencies are quit
smaller than whena50.998M ~note the different vertical scales i
the two panels!.
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strong towards the end of inspiral—when the inspiral en
the k51 voice is about a factor of 10 weaker than thek
50 voice. For this spin, the code was able to reliably co
pute all voices except the one corresponding tok54. This is
because the frequencies are quite a bit lower in this case,
udr* /dru&1.7 over the inspiral domain. The grid spacin
dr 50.1M works well, except for large harmonic indices.

Two important points should be noted from the results
other voices. BecauseVu grows monotonically, no voices
fade away, in contrast to thel 52, m50 voices for a
50.998M . Also, the voices forl .2 do not become as stron
at late times as they do whena50.998M . At late times, the
l 54, m54, k50 voice is about one twentieth the streng
of the l 52, m52, k50 voice.

VI. CONCLUSION: IMPLICATIONS FOR LISA SOURCES

The results presented here give the first strong-field gr
tational waveforms for rigorously computed extreme ma
ratio inspiral trajectories. Because these trajectories are
stricted to zero eccentricity, they do not correspond to
spirals that LISA is likely to observe. Nonetheless, they co
tain interesting features that are very likely to be presen
the general case, and are certainly worthy of further stud

One of the most interesting features of these extre
mass ratio inspiral waves is their ‘‘multi-voice’’ structure
each (l ,m,k) harmonic follows its own phase and amplitud
evolution. The total waveform is given by the sum of th
various voices as the inspiral progresses. Provided inspir
adiabatic, this multi-voice structure should describe gene
inspiral waves as well, with a third index describing harmo
ics of the radial frequencyV r .

It should be possible to take advantage of the multi-vo
structure of extreme mass ratio inspirals when develop
strategies for analyzing the LISA datastream. Searche
data from ground-based detectors such as the Laser Inter
metric Gravitational Wave Observatory~LIGO! will rely in
many cases on matched filtering, a technique that cro
correlates the instrumental data with templates of a sour
gravitational waveform. Matched filtering works particular
well when the template accurately models the source’s ph
evolution; accurate models for the amplitude are far less
portant. In the case of extreme mass ratio inspiral, it may
far easier to search for each voice with its simple phase e
lution, hlmk(t)5Hlmk(t)e

iC lmk(t), than to search for the en
tire ‘‘chorus,’’ h(t)5(hlmk(t), with its comparatively com-
plicated phase evolution. Some signals might only
detectable in their higher harmonics—one can imagine us
the m54 voices to find inspiral into holes so massive th
the m52 harmonics are at frequencies too low to be se
Techniques that look for extreme mass ratio inspirals o
voice-by-voice basis should have no problem finding tho
inspirals, provided these high-harmonic voices are not
weak. The fast chirp transform@29# may be a computation
ally effective means of implementing such a voice-by-vo
search.

In this vein, it is interesting to note that the phase evo
tion of each voice is dominated by that voice’s integrat
frequency. Recall, from Eqs.~2.19! and ~5.1!–~5.3! that the
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SCOTT A. HUGHES PHYSICAL REVIEW D 64 064004
evolving phase consists of two pieces~ignoring the constan
offset mw, which arises from initial conditions!. One piece
amounts to an integral of that voice’s frequency,vmk , and
contributes;1052107 radians to the inspiral. The other co
responds to the phase of the complex amplitudeZlmk

H at a
given moment; it only accumulates a few to a few tens
radians. Accurately calculating the inspiral trajectory, a
hence having good information about the evolution of
orbital frequencies, is likely to be more important th
knowing F lmk .

The influence of tidal coupling between the inspirali
body and the black hole is very robust and interesting—s
coupling will strongly influence the inspiral. If nature pro
vides black holes that rotate sufficiently fast, the prolong
of inspiral due to this coupling will easily be seen in th
gravitational-wave data. This is a clean, beautiful probe
the strong-field black hole spacetime.

The analysis presented here suggests several possib
rections for future work:

Equatorial orbits. Glampedakis and Kennefick@15# are
currently finishing an analysis of radiation reaction on ecc
tric, equatorial orbits of Kerr black holes; it is an analys
equivalent to that done in Ref.@6#. The radiation reaction
data they develop could be used to duplicate this analysis
to find inspiral sequences for eccentric, equatorial orbits
to develop the associated inspiral waveforms. It would
quite valuable to have results that include the effect of
centricity and modulations induced by the radial frequen
V r .

Generic orbits. We can in principle calculate gravitation
waves from generic orbits of Kerr black holes—all we ne
to do is specify the source term for a particular orbit in t
Teukolsky equation~2.16! and solve. We are hampere
though by our inability to compute backreaction on su
orbits. Valuable insight may be developed by imposi
physically motivated constraints to produce an approxim
inspiral trajectory. The trajectories presented here indic
that the change in inclination angle is very small. Using
Teukolsky equation to computeĖ and L̇z from the
gravitational-wave flux and imposingi̇50 is sufficient to
fully compute the inspiral trajectory through the generic or
parameter space (r ,e,i). The gravitational waves develope
-
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in such a study would be valuable tools for exploring t
influence of all three orbital frequencies (Vf ,Vu ,V r) on the
waveform, even if the waves so produced do not corresp
exactly to those in nature.

Improved waveforms. As discussed in Sec. III A, the p
rameter space discretization used here was rather crud
was in fact insufficient to accurately compute the amplitud
and phases of high frequency contributions to the wavefo
shown here. As work begins to develop data analysis to
for LISA, this analysis should be refined so that simple lim
tations such as this discretization are unimportant. Also,
parameter space covered in this analysis is rather inadeq
for studying LISA measurements. The range covered h
was selected simply for computational convenience. A be
analysis would chose the parameter space covering to sp
range of inspirals corresponding to the masses and obse
tion times that LISA is likely to measure.

Implementing the above items will put us well on the w
to understanding the data analysis problem with LISA. Ha
ing a broader set of accurate waveforms will serve as a v
useful testbed for developing analysis tools and for gettin
better understanding of how measurable extreme mass
signals are likely to be.
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